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Introduction
Burchnall and Chaundy established a correspondence
between commutative pairs of ordinary differential operators
and algebraic curves.
With the discovery of solitons and the integrability of KdV
equation, their theory was applied to nonlinear dynamics,
they had discovered the spectral curve.
Algebraic approach to handling the inverse spectral problem
for the finite-gap operators, with the spectral data being
encoded in the spectral curve and an associated line bundle.
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KdV The Schro¨dinger operator in the stationary case
L = − d
2
dx2
+ u
commutes with
P3 = − d
3
dx3
+
3
4
(
u
d
dx
+
d
dx
u
)
+
d
dx
The Lax pair equals
KdV1 = [L,P3] = LP3 − P3L = 1
4
uxxx − 3
2
uux − ux
In particular, for the Rosen-Morse potential
u =
−2
cosh2(x)
then [L,P3] = 0
Spectral curve f (λ, µ) = µ2 + λ+ 2λ2 + λ3, f (L,P3) = 0.
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Differential resultant of 2 ODO’s
Defined by Ritt (1932), Berkovich and Tsirulik (1986) and
studied by Chardin (1991), Li (1998).
(K , ∂) differential field with a derivation
P,Q ∈ K [∂], ord(P) = n, ord(Q) = m
The Sylvester matrix Syl(P,Q) is the coefficient matrix of
the extended system
{P, ∂P, . . . , ∂m−1P,Q, ∂Q, . . . , ∂n−1Q}.
Syl(P,Q) squared matrix of size n + m + 1 and entries in K .
Differential resultant of P and Q,
∂Res(P,Q) := det(Syl(P,Q))
On commuting
differential
operators and
differential
subresultants
(work in progress)
Sonia L. Rueda
Introduction
Differential
resultant
Burchnall-Chaundy
polynomial
Rank of a pair of
commuting
operators
Final Remarks
Example:
P = a2∂
2 + a1∂ + a0, Q = b3∂
3 + b2∂
2 + b1∂ + b0
∂Res(P,Q) =
∣∣∣∣∣∣∣∣∣∣
a2 a1 + 2∂(a2) a0 + 2∂(a1) + ∂
2(a2) 2∂(a0) + ∂
2(a1) ∂
2(a0)
0 a2 a1 + ∂(a2) a0 + ∂(a1) ∂(a0)
0 0 a2 a1 a0
b3 b2 + ∂(b3) b1 + ∂(b2) b0 + ∂(b1) ∂(b0)
0 b3 b2 b1 b0
∣∣∣∣∣∣∣∣∣∣
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Main properties
I ∂Res(P,Q) = AP + BQ with A,B ∈ K [∂],
ord(A) < m, ord(B) < n.
∂Res(P,Q) ∈ (A,B) ∩ K .
I
∂Res(P,Q) = 0
m
P = P1R, Q = Q1R, with ord(R) > 0,
P1,Q1,R ∈ K [∂].
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Poisson formula: Chardin (1991), Previato (1991)
Given monic P,Q ∈ K [∂] with respective orders n and m and
fundamental systems of solutions y1, . . . , yn and z1, . . . , zm
respectively.
∂Res(P,Q) =
w(Q(y1), . . . ,Q(yn))
w(y1, . . . , yn)
=
w(P(z1), . . . ,P(zm))
w(z1, . . . , zm)
=
w(y1, . . . , yn, z1, . . . , zm)
w(y1, . . . , yn)w(z1, . . . , zm)
.
with Wronskian
w(y1, . . . , yn) = det

y1 · · · yn
∂y1 · · · ∂yn
...
...
...
∂n−1y1 · · · ∂n−1yn
 .
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Burchnall-Chaundy polynomial
Let C be the field of constants of (K , ∂), C algebraically
closed and of characteristic zero.
Burchnall-Chaundy (1928)
Given P,Q ∈ K [∂], if [P,Q] = PQ − QP = 0 then there
exists f (λ, µ) ∈ C [λ, µ] such that f (P,Q) = 0.
Such a polynomial f (λ, µ) is called a Burchnall-Chaundy
polynomial.
g(λ, µ) = ∂Res(P − λ,Q − µ) = amn µn − bnmλm + ...
a non trivial polynomial
in (P − λ,Q − µ) ∩ K [λ, µ]
g(λ, µ) = A(P − λ) + B(Q − µ) with A,B ∈ K [λ, µ][∂]
if [P,Q] = 0 then g(P,Q) = 0.
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Previato (1991)
Given P,Q ∈ K [∂] such that [P,Q] = 0 then
g(λ, µ) = ∂Res(P − λ,Q − µ) ∈ C [λ, µ]
and g(P,Q) = 0.
P − λ and Q − µ are differential operators with coefficients
in the differential field (K (λ, µ), ∂), whose field of constants
in the algebraic closure Cλ,µ := C (λ, µ) of C (λ, µ).
y1, . . . , yn a fundamental system of solutions of P − λ over
Cλ,µ, a basis of the Cλ,µ-vector space Vλ,µ := Ker(P − λ).
W ((Q − µ)(y1), . . . , (Q − µ)(yn)) = W (y1, . . . , yn)M
M is an n × n matrix with entries in Cλ,µ.
∂Res(P−λ,Q−µ) = w((Q − µ)(y1), . . . , (Q − µ)(yn))
w(y1, . . . , yn)
= det(M).
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Lax pair of KdV
L = − d
2
dx2
+ u(x)
P3 = − d
3
dx3
+
3
4
(
u(x)
d
dx
+
d
dx
u(x)
)
+
d
dx
u =
−2
cosh2(x)
then [L,P3] = 0
∂Res(L− λ,P3 − µ) = −µ2 − λ(λ+ 1)2 =
−1 0 −2(cosh(x))2 − λ 8 sinh(x)(cosh(x))3 4(cosh(x))2 − 12
(sinh(x))2
(cosh(x))4
0 −1 0 −2(cosh(x))2 − λ 4 sinh(x)(cosh(x))3
0 0 −1 0 −2(cosh(x))2 − λ
−1 0 −3(cosh(x))2 + 1 9 sinh(x)(cosh(x))3 − µ 3(cosh(x))2 − 9
(sinh(x))2
(cosh(x))4
0 −1 0 −3(cosh(x))2 + 1 3 sinh(x)(cosh(x))3 − µ

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J. Dixmier (1968)
Given H = d
2
dx2
+ x3 + h with dhdx = 0,
P = H2 + 2x
Q = H3 +
3
2
(xH + Hx)
is a commutative pair
∂Res(P − λ,Q − µ) = det([12× 12])
=(µ2 + h − λ3)2 = f (λ, µ)2
f (P,Q) = P2 + h − Q3 = 0
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G.A. Lathan (1995)
H = − d2
dx2
+ u(x)
P = H2
Q = H3
is a commutative pair and pairs obtained by Darboux
transformation
∂Res(P − λ,Q − µ) = det([12× 12])
=(λ3 − µ2)2 = f (λ, µ)2
f (P,Q) = P2 − Q3 = 0
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Rank of a pair of commuting operators
P − λ,Q − µ ∈ K [λ, µ][∂] have no common solution since
g(λ, µ) = ∂Res(P − λ,Q − µ) = amn µn − bnmλm + ...6= 0.
f square free part of g
Spectral curve Γ := {(λ, µ) ∈ K 2 | f (λ, µ) = 0}.
K (Γ) fraction field of the domain K [λ,µ](f (λ,µ))
P − λ,Q − µ ∈ K (Γ)[∂] have common solutions since
g(λ, µ) = ∂Res(P − λ,Q − µ)= 0.
The rank of the pair P − λ,Q − µ is the dimension of the
space of common solutions, the order of the common
nontrivial factor of P − λ and Q − µ.
Krichever (1978), the rank of a commutative pair P,Q is
r = gcd(ord(P), ord(Q)).
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Burchnall and Chaundy (1928)
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H ∈ K [∂] of order r
Monic polynomials p(s) and q(s) in K [s] of coprime degrees
p(H) = a0 + a1H + · · ·+ an−1Hn−1 + Hn,
q(H) = b0 + b1H + · · ·+ an−1Hm−1 + Hm,
of orders nr and mr respectively, thus r = rank(p(H), q(H)).
If H commutes with the roots of p−λ and the roots of p−λ
have multiplicity one then
∂Res(p(H)− λ, q(H)− µ) = Res(p(s)− λ, q(s)− µ)r .
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The polynomial p(s)− λ belongs to K (λ)[s] and factors as
p(s)− λ =
n∏
i=1
(s − si ), with si ∈ K (λ).
Recall (K (λ), ∂) is a differential field whose field of
constants in C1 = C (λ). Let {y1i , . . . , y ri } be a C1-basis of
(H − si ). H commutes with si implies
p(H)− λ =
n∏
i=1
(H − si ).
Thus,
Φ := ∪ti=1{y1i , . . . , yµi ri }
is a C1-basis of p(H)− λ.
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Hy ji = siy
j
i , H and si commute, for q˜ := q(s)− µ imply
∂k(q(H)− µ)(y ji ) = q˜(si )∂ky ji , k = 1, . . . , nr − 1.
(q(H)− λ)(Φ) := ∪ti=1{(q(H)− λ)(y1i ), . . . , (q(H)− λ)(y ri )}
w((q(H)− λ)(Φ)) =
t∏
i=1
q˜(si )
µi rW (Φ).
from the Poisson formula for the differential resultant
∂Res(p(H)−λ, q(H)−µ) =
t∏
i=1
q˜(si )
µi r = Res(p(s)−λ, q(s)−µ)r .
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Mironov (2012)
Given H = d
2
dx2
+ x3 + h with dhdx = 0,
P = H2 + 6x
Q = H5 +
15
2
(xH3 + H3x) + 45(x2H + Hx2)
is a commutative pair
∂Res(P − λ,Q − µ) = det([16× 16])
=(81 + 27hλ2 + λ5 − µ2)2 = f (λ, µ)2
f (P,Q) = P2 + h − Q3 = 0
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Galoisian study of rank one Burchnall-Chaundy
(algebro-geometric or finite gap) operators: Braverman,
Etingof, Gaitsgory (1997), Grigorenko (2009), Brehznev.
In particular, Brezhnev made a deep Galoisian study of the
finite gap operators related to the KdV hierarchy
(2008,2012,2013).
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” The integrability of the Direct (spectral) Problems is
in some sense equivalent
to the integrability of the Inverse Problems”
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THANK YOU!
